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Abstract

For each admissible monomial of Dyer-Lashof operations Q I , we
de�ne a corresponding natural function bQI : T �H � (X ) ! H � (
 n � nX ),
called a Dyer-Lashof splitting. For every homogeneousclass x in
H � (X ), a Dyer-Lashof splitting bQI determines a canonical element
y in H � (
 n � nX ) so that y is connectedto x by the dual homomor-
phism to the operation QI . The sumof the imagesof all the admissible
Dyer-Lashof splittings contains a complete set of algebra generators
for H � (
 n � nX ).

1 In tro duction

Let X be a connectedspaceand let 
 n � nX be denotedX n . In this paper
we provide a way to name speci�c cohomologyclassesin H � (X n ). We do
this by de�ning functions bQI from the tensor algebra T �H � (X ) to H � (X n ),
wherethe subscript I denotesan admissiblesequencein a sensesuitable for
use with Dyer-Lashof operations. Naively, bQI x may be regardedas \the"
dual to QI �x, wherex 2 H � (X ) is dual to �x 2 H � (X ). That is, we have the
relation

hbQI x; QI �xi = hx; �xi :

(Here and elsewhere,we identify H � (X ) with a submodule of H � (X n ) via the
monomorphisminduced by the standard map � : X ! X n .)
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The main theoremis asfollows; someparticulars of the notation will be
explainedbelow.

Theorem 1.1 For each admissiblesequence I = (r 1; : : : ; r s) there is a natu-
ral function bQI : T �H � (X ) ! H � (X n ), which satis�es the following properties:

(1) If r1 > 0 then bQI is a Z=p-module homomorphism.
(2) We havethe duality relation

hbQI (x1; : : : ; xm ); QJ � n� 1( �x1; : : : ; � n� 1( �xm� 1; �xm ) : : :)i

= � I J hsn� 1x1 
 � � � 
 sn� 1xm ; [sn� 1 �x1; : : : ; [sn� 1 �xm� 1; sn� 1 �xm ] : : :]i :

(3) Let �Q(X ) � H � (X n) =
P

im bQI , where the sum(not a direct sum) is
taken over all admissibleI . Then the projection � takes �Q(X ) onto H � (X n ).

In (2), [ ; ] denotesthe (graded) commutator in T �H � (� n� 1X ), sn� 1

is the isomorphismthat increasesdegreesby (n � 1), and � I J is the Kronecker
delta on the sequencesI and J . We allow I (or J ) to be the empty sequence
(denoted ; ), in which caseQI is taken to be the identit y.

The functions bQI canbe thought of assplittings of duals to Dyer-Lashof
operations, and I will refer to them as Dyer-Lashof splittings. They gener-
alize the \dual extendedDyer-Lashofoperations" de�ned in [K-S-W] and in
[F-S]. Theselatter operationswerenot shown to be natural transformations,
and they did not generatethe entire cohomologyof X n . They were, how-
ever, su�cien t to allow Slack in [MS2] to show that an in�nite loop space
with trivial Dyer-Lashofaction must be (p-locally) homotopy equivalent to
a product of Eilenberg-Mac Lane spaces,and in [MS3] to provide a similar
classi�cation of spaceswith p-torsion free homologyfor p odd.

The Dyer-Lashofsplittings are a continuation of work donein my thesis
[F]. I would like to thank my advisor, Jim Lin, for his patience, advice,
and teaching as I prepared the thesis that led to this work. I'd also like
to thank Michael Slack, Fred Cohen, David Kraines, and Jim Stashe� for
helpful conversationsand correspondenceduring that sameperiod, via email
and otherwise.

All spacesin this paper will be connected,of the homotopy type of a
CW-complex with �nitely many cells in each dimension, and possessinga
nondegeneratebasepoint; and X will always denote an arbitrary spacein
this category. All coe�cien ts for homologyand cohomologywill be in Z=p



3

for p an odd prime, except in the �nal sectionwherewe will brie
y discuss
the casep = 2. The notation � X represents the reducedsuspension, and

 X is the Moore loops on X . Finally, we will generally be working with
functors from the category of spaces(as described above) to the category
of Z=p-modules. If we remark that a homomorphism is natural, we will
mean that it is a natural transformation betweentwo such functors. These
transformations will not always be homomorphismsof gradedmodules,but
they will preserve the property of being of �nite type.

2 Homology operations

In this paper we will use the \lo wer notation" of [C-P-S] for Dyer-Lashof
operations. That is, if �x 2 Hq(
 nX ), i + q is even, and 0 � i < n � 1, we
de�ne

Qi (p� 1): Hq(
 nX ) � ! Hpq+ i (p� 1)(
 nX )

to be Q(i + q)=2 �x, and we de�ne Qi (p� 1)� 1 to be � Qi (p� 1).
We use Q(n� 1)(p� 1) to represent the \top" operation, denoted � n� 1 in

[C-L-M], which is special becauseit is not a homomorphism. Also, we use
Q(n� 1)(p� 1)� 1 to represent the operation denoted� n� 1 in [C-L-M]. This oper-
ation is not equal to � Q(n� 1)(p� 1), but rather di�ers from it by a correction
term involving Browder operations. However, in most respects it resembles
the other operations of the form Qi (p� 1)� 1; in particular, it is a homomor-
phism.

Now let I represent the sequence

(i1(p � 1) � "1; : : : ; i s(p � 1) � " s);

where" j is 0 or 1, and let QI represent the operation

Qi 1 (p� 1)� " 1 � � � Qi s (p� 1)� " s :

The terms i 1(p � 1) � "1 and i s(p � 1) � " s will be called the leading and
trailing terms of I , respectively, and we say that I is admissibleif

(1) 0 � i j � i j +1 � " j +1 for each j � 1, and
(2) " j +1 � i j +1 � i j mod 2.
This is equivalent to the standard de�nition in [C-L-M] for admissible

sequencesin upper notation, with the secondcondition addedto ensurethat
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QI is de�ned. We note that our notation is slightly di�erent from that given
in [C-P-S].

We concludethis sectionwith two theoremsthat render into lower no-
tation somestandard useful facts about Dyer-Lashofoperations. Proofs, in
upper notation, may be found in [C-L-M].

Theorem 2.1 (Susp ension relations) For any �x; �y 2 H � (
 nX ),

� � (Qi (p� 1) �x) = Q(i � 1)(p� 1)(� � �x)

and
� � � n� 1( �x; �y) = � n� 2(� � �x; � � �y);

where � � denotesthe suspension homomorphismH � (
 W) ! H � +1 (W). 2

Theorem 2.2 (External Cartan form ula) If �x 
 �y 2 H � (
 nX � 
 nY),
then

Qi (p� 1)( �x 
 �y) =
X

r + s= i

Qr (p� 1) �x 
 Qs(p� 1) �y

where we ignore all terms for which r + j �xj or s + j �yj is odd. 2

The internal Cartan formula has essentially the sameform, provided that
i < n � 1. For the i = n � 1 case,see[C-L-M].

3 The homology of lo op-susp ension spaces

We will rely on Cohen'sstructure theorem for H � (X n ) [C-L-M, I I I]. In this
sectionwe restate that theorem in the notation of this paper.

Let TM denote the tensor algebra on a graded module M , and de�ne
the free Lie algebraLM to be the sub Lie algebraof TM generatedby M .
That is, we can inductively de�ne a generatingset A for LM by saying that
M � A, and the commutator [a;b] 2 A whenever a and b are both in A.

Now if S is somearbitrary subsetof (TM )even, let us de�ne � S to be
the submodule of TM generatedby the set f � a j a 2 Sg, where � is the
pth power map � a = a
 p. We may then de�ne the free gradedrestricted Lie
algebraLRM to be the submodule

LM + � LM even + � 2LM even + � � � � TM :
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It is an in�nite sumrather than an in�nite direct sumbecausethe pth power
map is not a homomorphismon a non-commutativ e ring. One may show
that LRM , de�ned this way, is still closedunder the Lie bracket operation.

The notion of LRM is useful becauseH � (X n ) contains a degree-shifted
copy of LR

�H � (� n� 1X ), which we will call S� . To seethis, let �� denote the
composition

H � (X n ) = H � (
 n � nX )
(� � )n � 1

� � � � � ! H � (
� nX ) �= T �H � (� n� 1X );

and let �� split : LRH � (� n� 1X ) ! H � (
 n � nX ) be determinedby the following
formal procedure: replaceevery [ ; ] by � n� 1( ; ), every � by Q(n� 1)(p� 1) , and
every sn� 1 �x 2 H � (� n� 1X ) by � � ( �x) 2 H � (X n ). For example,

�� split (� 2[sn� 1 �x1; sn� 1 �x2]) = Q(n� 1)(p� 1)Q(n� 1)(p� 1) � n� 1(� � ( �x1); � � ( �x2)) :

It follows from Cohen's calculations that �� split is a well-de�ned homomor-
phism, and the suspension relations, coupled with the fact that Q0 is the
pth power and � 0 is the gradedcommutator, show that �� �� split = id. De�ne
S� � H � (X n ) to be the imageof �� split . We seethat S� is an isomorphiccopy
of LR

�H � (� n� 1X ), except that degreeshave beenloweredby n � 1.
If I is an admissiblesequencewith trailing term i(p� 1), let d(I ) denote

the set of nonnegative integerscongruent to i mod 2. Then we may speak,
for instance,of QI acting on Sd(I ) . If I is the empty sequence,then let Sd(I )

be the set of all nonnegative integers. Using this notation, de�ne M � (X n ),
for n > 1, to be

L
QI Sd(I ) , with the direct sum taken over all admissible

sequencesI with leading term nonzeroand trailing term not greater than
(n � 1)(p � 1) � 1. Sequencesmeeting this criterion (including the empty
sequence)will be referred to as simple.

Wenow state, in the notation of this section,Cohen'sstructure theorem:

Theorem 3.1 Let n > 1. For any admissiblesequence I with trailing term
lessthan (n � 1)(p � 1), the restriction of QI to Sd(I ) is a monomorphism.
As a Hopf algebra, H � (X n ) is isomorphic to the free commutative algebra
generated by �M � (X n ) = M � (X n ) \ �H � (X n ). 2

In the de�nition of M � (X n ), the leading term must be nonzerobecause
Q0 is the pth power on homology, and so QI �x is not a generator if I has
leading term zero. On the other hand, the trailing term must be no more
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than (n � 1)(p � 1) � 1 becauseQ(n� 1)(p� 1) �x is already accounted for as the
class�� split � sn� 1 �x, and Qr is unde�ned on H � (X n ) for r > (n � 1)(p � 1).

In the casethat n = 1 we may de�ne M � (X n ) as � � H � (X ), so that
M � (X n ) will still be naturally isomorphic to QH � (X n ).

4 De�ning the Dy er-Lashof splittings

In de�ning bQI , we will considerthree casesof increasinggenerality: I simple,
I with trailing term (n � 1)(p � 1) (but leading term nonzero),and I with
leading term zero. In all but the last case,n will be assumedgreater than 1.

Case 1: I Simple. In this case, bQI will be the dual of a homomorphism
H � (X n ) ! T �H � (X ), relying on the fact that, as a module, (T �H � (X )) � is
naturally isomorphic to T �H � (X ). Recall from Theorem 3.1 that M � (X n ) is
de�ned to be the direct sum

M

I simple

QI Sd(I ) ;

with each QI a monomorphism. Thus, for each simple I there is a splitting
Qsplit

I : M � (X n) ! Sd(I ) and we can construct the following composition:

H � (X n ) !! QH � (X n ) �= M � (X n )
Qsplit

I
� � � ! Sd(I )

��
� � � ! LR

�H � (� n� 1X ) ,! T �H � (� n� 1X )
T s1� n

� � � � ! T �H � (X );
(4.1)

We de�ne bQI to be the dual homomorphismto this composition. Note that
Ts1� n , the result of applying the tensor algebrafunctor to the isomorphism
s1� n : �H � (� n� 1X ) ! �H �� n+1 (X ), is a ring isomorphism,but not a morphism
of gradedobjects.

Case 2: Trailing term (n� 1)(p� 1). For any k, let I (k; t) equalk iterated
t times. Let k = (n � 1)(p� 1), let J be a simple sequence,and assumethat
the concatenationJ I (k; t) is admissible. Our goal is to de�ne bQJ I (k;t ) . The
di�cult y in this caseis that, aswe noted earlier, the top homologyoperation
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Q(n� 1)(p� 1) is not a homomorphismand thus has no obvious splitting. We
work around this problem by observingthat the composition

(LR
�H � (� n� 1X ))even

�
� � � ! LR

�H � (� n� 1X ) !! LR
�H � (� n� 1X )=L �H � (� n� 1X )

is a homomorphismsince the deviation from linearity of � is contained in
L �H � (� n� 1X ) (see,for instance, [C-L-M, I I I]). It follows from the Poincar�e-
Birkho�-Witt theorem(see[M-M]) that

� i : (L �H � (� n� 1X ))even � ! LR
�H � (� n� 1X )=L �H � (� n� 1X )

is a monomorphismfor all i � 1, and so

LR
�H � (� n� 1X )=L �H � (� n� 1X ) �=

M

i

� i (L �H � (� n� 1X ))even:

Thus for each i we have

(� i )split : LR
�H � (� n� 1X )=L �H � (� n� 1X ) � ! (L �H � (� n� 1X ))even

which amounts to projection on the i th summandon the above direct sum
splitting. GivenJ and I (k; t), wede�ne bQJ I (k;t ) to bethe dual of the following
composition of homomorphisms:

H � (X n ) ! M � (X n )
Qsplit

J
� � � ! Sd(J )

��
� � � ! LR

�H � (� n� 1X )

!! LR
�H � (� n� 1X )=L �H � (� n� 1X )

(� t )split

� � � � � ! (L �H � (� n� 1X ))even

,! T �H � (� n� 1X )
T s1� n

� � � � ! T �H � (X ):

The readershould note that im bQJ I (k;t ) � im bQJ . Thus, the de�nition of bQI

in the caseof trailing term (n � 1)(p � 1) is not necessaryto de�ne the set
�Q(X ) of Theorem1.1. However, asa way of labelling individual generators,
this caseis useful. In particular, the applications that have appeared([F-S],
[MS2], [MS3]) have useda variant of Q(n� 1)(p� 1) .

Case 3: Leading term zero. The di�cult y with de�ning bQI in this case
lies in the fact that Q0 is the pth power on homology. Thus, for instance, bQ0x
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for x primitiv e shouldbe a divided power 
 px, characterizedby the property
that

�� 
 px =
X

i + j = p
i;j > 0

1
i ! j !

x i 
 x j :

In generalthis property doesnot uniquely determine
 px, sincethe addition
of a primitiv edoesnot changethe reducedcoproduct. However, in the special
caseof H � (X n ), we can make the following inductive de�nition:

Let x be an element of PH even(X n ). If k < 2, then let 
 kx = xk . If
k � 2 then let 
 kx be an element y determinedby the conditions

(1) �� y =
X

i + j = k
i;j > 0


 i x 
 
 j x,

(2) hy; �ai = 0 for any �a 2 M � (X n ).

Prop osition 4.2 The classy, as de�ned above, existsand is unique.

Proof : For both existenceand uniquenessthe proof is by induction, assuming
that 
 j x is already known to be well-de�ned for j < k. We note that there
is no di�cult y when k = 0. We �rst prove existence. Let the subspace
of H jx j(X n ) spannedby x be denoted hxi , and write H jx j(X n ) as hxi � C,
whereC is somecomplementary subspace.This splitting determinesa dual
splitting H jx j(X n ) �= h�xi � C � . By Theorem3.1, it follows that

Hkjx j(X n ) �= h�xk i � D � M kjx j(X n );

with D spannedby nontrivial products of the form
Q

i �wi , whereeach �wi is
either in Hq(X n ) for q 6= jxj, or in C � , or in h�xi , and at least onefactor �wi is
not in h�xi . Then y is determinedby

hy; �xk i = 1;

hy; D � M kjx j(X n )i = 0:

By construction, hy; �ai = 0 for �a 2 M � (X n), and a simple calculation shows
that y has the appropriate coproduct.

To prove uniqueness,supposey1 and y2 satisfy the de�nition of y. Then,
sincey1 and y2 have the samecoproduct, y1 � y2 must be primitiv e. Choose
�y 2 H � (X n ) such that hy1 � y2; �yi 6= 0. Then, sincey1 � y2 is primitiv e, the
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class[�y] 2 QH � (X n) must be nonzero.Hencewe can write �y = �y0+ �d where
�y0 2 M � (X n) and �d is decomposable. But, sincey1 and y2 were assumedto
satisfy the de�nition of y, they must annihilate elements of M � (X n ). Hence
hy1; �y0i = hy2; �y0i = 0. And, becausey1 � y2 is primitiv e, hy1 � y2; �di = 0.
Hencehy1 � y2; �yi = 0, a contradiction. 2

Now let J be a sequencewith leading term nonzerosuch that the con-
catenation I (0; t)J is admissible. For compactnessof notation, let x denote
an element of T �H � (X ). If n > 1 then we de�ne bQI (0;t )J x to be 
 t ( bQJ x),
bearing in mind that the de�nition of bQJ x ensuresthat it is primitiv e.

If n = 1, then the sequenceJ can only be the empty sequence,and Q;

may be taken to denotethe isomorphismof coalgebrasT �H � (X ) ! H � (X 1).
In this caseS� is not contained in PH � (X 1), and so bQI (0;t ) is not de�ned on
all of S� as it is in the casen > 1. We can recognize bQI (0;t )x as x 
 pt

.

5 Prop erties of the Dy er-Lashof splittings

The following theorem restates all but part (3) of the properties given in
Theorem1.1:

Theorem 5.1 For each admissibleI ,

hbQI (x1; : : : ; xm ); QJ � n� 1( �x1; : : : ; � n� 1( �xm� 1; �xm ) : : :)i

= � I J hsn� 1x1 
 � � � 
 sn� 1xm ; [sn� 1 �x1; : : : ; [sn� 1 �xm� 1; sn� 1 �xm ] : : :]i :

If I hasleading term nonzero, then bQI is a natural transformationof functors
T �H � (�) to H � (
 n � n �). Otherwise, bQI is a natural transformation of functors
ST �H � (�) to SH � (
 n � n �), where S is the forgetful functor from the category
of Z=p-modulesto the category of sets.

Proof : The duality relation follows directly from the de�nition. If I has
leading term nonzero,then bQI is the dual of a composition of natural trans-
formations, and hencenatural. For the caseof I with leading term zero,we
will in fact show that the following diagram commutes for any k and any
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map f : X ! Y:

PH even(Yn )
(
 n � n f ) �

� � � � � � � ! PH even(X n )

 k

?
?
y 
 k

?
?
y

H � (Yn)
(
 n � n f ) �

� � � � � � � ! H � (X n )

The proof will beby induction. In the casek = 0, commutativit y is clear. For
k > 0, we will show that (
 n � n f )� 
 ky satis�es the two de�ning properties
of 
 k(
 n � n f )� y.

(1) By the naturalit y of the reducedcoproduct and of 
 j for j < k,

��(
 n � n f )� 
 ky =
X

i + j = k
i;j > 0


 i (
 n � n f )� y 
 
 j (
 n � n f )� y:

(2) For any �a 2 M � (X n )

h(
 n � n f )� 
 ky; �ai = h
 ky; (
 n � n f )� �ai = 0

because,by the naturalit y of the Dyer-Lashofoperations with respect to n-
fold loop maps,(
 n � n f )� �a must bean element of M � (Yn ). Thus 
 k is natural
for all k, and hence bQI is natural. 2

Although bQI is not a homomorphismif I has leading term zero, it be-
havesreasonablywell with respect to the module structure of H � (X n ). It is
easiestto state the results in terms of 
 k :

Prop osition 5.2 For any integer k � 0, and any x1; x2 2 PH even(X n ),


 k(x1 + x2) =
X

i + j = k

(
 i x1)( 
 j x2)

= 
 kx1 + 
 kx2 +
X

i + j = k
i;j 6=0

(
 i x1)( 
 j x2);

and, for any c 2 Z=p, 
 kcx = c
 kx.

Proof : We prove the addition formula by induction. The result is trivial
when k = 0. Using the inductive hypothesis,a direct calculation shows that
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both sidesof the equation have the samereducedcoproduct. It remains to
show that

h
X

i + j = k

(
 i x1)( 
 j x2); �ai = 0

for any �a 2 M � (X n ). But it follows from the Cartan formula (Theorem 2.2)
that the coproduct map takesM � (X n ) to M � (X n ) 
 M � (X n ). Thus

h(
 i x1)( 
 j x2); �ai = h
 i x1 
 
 j x2; � �ai = 0

since(
 i x1) annihilates elements of M � (X n ).
The fact that 
 kcx = c
 kx follows easilyby a similar method. 2

Corollary 5.3 If � denotesthe projection H � (X n ) ! QH � (X n ), then

� 
 k : PH even(X n ) ! QH even(X n )

is a homomorphism,nontrivial whenk = pt . 2

We now prove part (3) of Theorem1.1.

Theorem 5.4 The projection � maps �Q(X ) surjectively onto QH � (X n ).

Proof : The theorem is true (but not helpful) when n = 1 because�Q(X ) =
H � (
� X ). For the rest of the proof, let n be greater than 1, making
H � (X n ) commutativ e as well as associative. Assume there exists a class
[a] 2 QH � (X n ) such that [a] 62� ( �Q(X )). We can then choose�a 2 PH � (X n )
such that h[a]; �ai = 1 but hx; �ai = 0 for any x 2 �Q(X ). Since�a is primitiv e,
it must be either indecomposableor a pth power.

If �a is indecomposable,it can be written as
X

i

QI i ��
split �bi + �d

for I i simpleanddistinct from oneanother,�bi 2 LRH � (� n� 1X ), and �d decom-
posable.Chooseb2 TH � (X ) such that hb;Ts1� n�bi 6= 0. By the construction
of the Dyer-Lashofsplittings, it follows that hbQI 1b;QI 1

�b1i 6= 0 and that, for
i 6= 1,

hbQI 1b;QI i
�bi i = hbQI 1 b;QI i

�di = 0:

HencehbQI 1b;�ai 6= 0 even though bQI b2 �Q(X ), a contradiction.
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If �a is a pth power, it must bea pth power of a primitiv e. By induction, �a
must be of the form (�a0)pt

for somet, where�a0 is indecomposable.Choosing
b0 with regard to �a0 just as b was chosenwith regard to a, we know that
hbQI 1b

0; �a0i 6= 0 for someappropriate sequenceI 1. Then, since�a = (�a0)pt
,

h
 pt bQI 1 b0; �ai 6= 0:

Again, this is a contradiction because
 pt
bQI 1b

0 = QI (0;t )I 1 2 �Q(X ). 2

Unfortunately, the restriction of � to �Q(X ) is not injective. However, it
is not hard to seethat any class bQI w 2 �Q(X ) is either indecomposableor a
pth power. Thusthe next theorem,which tells how the pth power map relates
to the Dyer-Lashof splittings, makes it possibleto determine in individual
caseswhether an element of �Q(X ) determinesa generator.

Let the pth power map on cohomologybe denoted � , to distinguish it
from the restriction � on homology. Extend � on �H � (X ) to T �H � (X ) by
de�ning it to be zeroon �H � (X )
 n for n > 1. If I = (i 1(p � 1); : : : ; i s(p � 1))
and pis � n � 1 then let pI = (pi1(p � 1); : : : ; pis(p � 1)) and, conversely,
de�ne I =p to be J if I can be written as pJ. We adopt the convention that
QpI , QI =p, bQpI , and bQI =p are all the zero homomorphismif their respective
indexing sequencesare unde�ned. For instance, bQpI = 0 if QI contains a
nontrivial Bockstein or pis > n � 1.

Theorem 5.5 For w 2 T �H � (X ), � bQI w = bQpI � w.

Proof : We will use the following formulas for the action of � � on H � (X n ),
due to Wellington [RJW].

� � QI �x = QI =p� � �x
� � � n� 1( �x1; �x2) = 0:

(5.6)

Since� � is a morphismof Hopf algebras,theseformulasdeterminethe action
of � � on all of H � (X n ).

If I is simple, then bQI is the dual homomorphismto the composition
(4.1), which we may rewrite as

H � (X n )
�

� � � ! M � (X n )
Qsplit

I
� � � ! Sd(I )

�̂
� � � ! T �H � (X ):
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Using this information, we will show that h� bQI w; �ai = hbQpI � w; �ai for any
�a 2 H � (X n ). SinceH � (X n ) has �nite type, this will completethe proof.

By the de�nition of bQI ,

h� bQI w; �ai = hw; �̂ Qsplit
I � � � �ai ;

and
hbQpI � w; �ai = hw; � � �̂ Qsplit

pI � �ai ;

so the proof turns on demonstrating that

�̂ Qsplit
I � � � �a = � � �̂ Qsplit

pI � �a:

First of all, � � commutes with � because� is coalgebrahomomorphism.
To seethat Qsplit

I � � = � � Q
split
pI , we choose�b2 M � (X n ), and write

�b = QpI
�b0+

X

i

QJ i
�bi

for some�b0 2 Sd(pI ) and �bi 2 Sd(J i ) , and for somecollection of sequencesf J i g
such that J i =p 6= I . If QpI is the zero homomorphismthen choose�b0 = 0.
With this convention, the de�nition of M � (X n ) shows that �b0 is uniquely
determinedby �b. Observe that, by (5.6), � � QpI

�b0 = QI � �
�b0. Then

Qsplit
I � �

�b = Qsplit
I

 

� � QpI
�b0+

X

i

� � QJ i
�bi

!

= Qsplit
I

 

QI � �
�b0+

X

i

QJ i =p� �
�bi

!

= � �
�b0;

and also

� � Q
split
pI

�b = � � Q
split
pI

 

QpI
�b0+

X

i

QJ i
�bi

!

= � �
�b0:

Thus Qsplit
I � �

�b= � � Q
split
pI

�b2 S� for any �b2 M � (X n).
We now show that �̂ � � �c = � � �̂ �c, for any �c 2 S� . Any element of S� can

be written as

�c = � � �c0+
X

� n� 1(�ci ; �c0
i ) +

X
Q(n� 1)(p� 1) �c00

j ;
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where �c0 2 �H � (X ) and �ci ; �c0
i ; �c00

j 2 S� . By (5.6),

� � � n� 1(�ci ; �c0
i ) = � � Q(n� 1)(p� 1) �c00

j = 0;

for any i and j . On the other hand, �̂ takes� n� 1(�ci ; �c0
i ) and Q(n� 1)(p� 1) �c00

j to
L

n> 1
�H � (X )
 n , which is annihilated by � � . Thus, we needonly show that

�̂ � � � � �c0 = � � �̂ �� � c0. It is not hard to seethat �̂ � � �c0 = �c0. Thus, since � � is
induced by a map of spaces,

�̂ � � � � �c0 = �̂ � � � � �c0

= � � �c0

= � � �̂ � � �c0:

Therefore �̂ � � �c = � � Ts1� n �� �c, as we wanted.
This provesthat � bQI = bQpI � provided that I is simple. If I hastrailing

term (n � 1)(p � 1), then a similar argument shows that � bQI = bQpI � = 0.
Finally, if I has leading term 0, then the result follows easilyusing the facts
that � is a morphism of Hopf algebrasand that it preservesM � (X ). 2

Weusesimilar techniquesto proveour concludingtheorem,which relates
the suspension homomorphism� � : H � (
 n � n+1 X ) ! H �� 1(
 n+1 � n+1 X ) to
the Dyer-Lashof splittings. We will allow s to represent both the isomor-
phisms �H � (X ) ! �H � +1 (� X ) and �H � (X ) ! �H � +1 (� X ). Under this conven-
tion, the dual homomorphismto s is s� 1.

Theorem 5.7 If I = (i 1(p � 1) � "1; : : : ; i s(p � 1) � " s), then

� � bQI Tsw = bQI 0w;

where I 0 = (( i1 + 1)(p � 1) � " 1; : : : ; (i s + 1)(p � 1) � " s).

Proof : Just as with Theorem5.5, in the caseof I simple the proof amounts
to showing that

Ts� 1�̂ Qsplit
I � � � �a = �̂ Qsplit

I 0 � �a;

for any �a 2 H � (X n+1 ). By (4.1), �̂ = Ts1� n �� , wich, by abuseof notation,
we may write asTs1� n (� � )n� 1. Making the appropriate substitutions, we see
that we must show

(Ts� 1)Ts1� n(� � )n� 1Qsplit
I � � � �a = Ts� n(� � )nQsplit

I 0 � �a:
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Notice that on the right hand side of the equation we are working with

 n+1 � n+1 X , so we must replacen by n + 1 in the composition of functions
we useto de�ne bQI 0. From this point, the only nontrivial part of the proof
is showing that Qsplit

I � � = � � Q
split
I 0 , which one can do in exactly the way we

showed earlier that Qsplit
I � � = � � Q

split
pI .

In the casethat I hastrailing term (n � 1)(p � 1), the argument is very
much the sameand will be omitted. The leading-term-zerocase,however,
is more complicated. If I = I (0; t)J , then I 0 = I ((p � 1); t)J 0, and we are
trying to show that

� � 
 pt bQJ Tsw = bQI (( p� 1);t )J 0w:

Working as before,

h� � 
 pt bQJ Tsw; �ai = h
 pt bQJ Tsw; � � �ai :

Since� � annihilates decomposables,we can assumethat �a 2 M � (X n+1 ). By
the de�nitions of M � ( � ) and of admissiblesequences,we can write

�a = Qp� 2�a0+
kX

i =0

QI (( p� 1);i ) �ai ;

where �a0; �ai 2 M � (X n+1 ) are chosenso that Qp� 2�a0 and QI (( p� 1);i ) �ai are also
in M � (X n+1 ). Thus by Theorem2.1,

� � �a =
kX

i =0

QI (0;i ) � � �ai =
kX

i =0

(� � �ai )pi
;

noting that � � Qp� 2�a0 = � (� � �a0)p = 0.
We will deferthe proof of the following lemmato the endof this section:

Lemma 5.8 If z 2 PH � (
 n � n+1 X ), and �bi 2 M � (
 n � n� 1X ) for all i , then

h
 pt z;
X �bpi

i i = hz; �bt i :

By the lemma,since bQJ Tsw is primitiv e and each � � �ai is in M � (
 n � n+1 X ),
we have

h
 pt
bQJ Tsw; � � �ai = hbQJ Tsw; � � �at i :
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Using the theorem in the caseof J simple, we know that

hbQJ Tsw; � � �at i = hbQJ 0w; �at i

and so, to summarize,

h� � bQI Tsw; �ai = h
 pt
bQJ Tsw; � � �ai = hbQJ Tsw; � � �at i = hbQJ 0w; �at i :

To completethe proof we will show that hbQI 0w; �ai is alsoequalto hbQJ 0w; �at i .
By de�nition, hbQI 0w; �ai = hw; �̂ Qsplit

I 0 � �ai . Becausewe are already assuming
that �a 2 M � (
 n+1 � n+1 X ), wecandisregardthe homomorphism� , and, since
I 0 = I (p � 1; t)J 0,

Qsplit
I 0 �a = Qsplit

I 0

 

Qp� 2�a0+
kX

i =0

QI (( p� 1);i ) �ai

!

= Qsplit
I 0 QI (( p� 1);t ) �at

= Qsplit
J 0 �at :

Thus
hw; �̂ Qsplit

I 0 � �ai = hw; �̂ Qsplit
J 0 � �at i = hbQJ 0w; �at i

and so, �nally ,

hbQI 0w; �ai = hbQJ 0w; �at i = h� � bQI Tsw; �ai :

2

Proof of Lemma5.8: We calculate:

h
 pt z; �bpi

i i = h
 pt z; �� � ( �� � 
 1) � � � ( �� � 
 1 
 � � � 
 1)�bi 
 � � � 
 �bi i

= h( �� 
 1 
 � � � 
 1) � � � ( �� 
 1) �� 
 pt z; �bi 
 � � � 
 �bi i :

Herewe let �� � denotethe Pontryagin product restricted to reducedhomology,
sothat its dual homomorphismis the reducedcoproduct. Usingour de�nition
of 
 t , onecan compute that

h( �� 
 1
 pt � 2) � � � ( �� 
 1) �� 
 pt z; �b
 pt

i i =

8
>><

>>:

h(
 pt � i z)
 pi
; �b
 pi

i i = 0 (i < t)
hz
 pt

; �b
 pt

t i = hz; �bt i (i = t)
h0; �b
 pi

i i = 0 (i > t)

The result follows. 2
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6 Varian ts

There are a number of other circumstancesunder which analogousresults
apply. In this sectionwe brie
y sketch the relevant di�erences.

First we considerthe prime 2. When p = 2, the Dyer-Lashofoperations
in lower notation take the form

Qi : Hq(
 nX ) ! H2q+ i (
 nX );

whereq is arbitrary. A sequenceI = (i 1; : : : ; i s) is admissibleprovided that
0 � i j � i j +1 for all j , and simple if i 1 > 0 and i s < n � 1. Cohen'sstructure
theoremdi�ers only in that M � (X n ) is de�ned to be

L
QI S� , wherethe sum

rangesover all simple admissibleI . We neednot useSd(I ) , sinceQI can act
on elements in any degree.With thesechangesin the setup, the de�nitions
of the bQI , and the proofsof their properties,goexactly asin the odd primary
case.

At both odd primesand the prime 2, it is easyto seethat the de�nition
of bQI can be carried over to the in�nite loop spaceQX = lim

!

 n � nX . The

structure theorem for H � (QX ) again takes the sameform as the theorem
for H � (
 n � nX ), except that M � (QX ) is de�ned to be

L
QI � �

�Hd(I ) (X ) (or,
if p = 2,

L
QI � �

�H � (X )), where I rangesover all admissiblesequenceswith
leading term nonzero. Sincethere are no nontrivial Browder operations in
H � (QX ), the subspaceS� does not appear, and the Dyer-Lashofsplittings
bQI are de�ned on H � (X ) rather than on TH � (X ).

Finally, we note that all of our results apply without change to the
Milgram-May combinatorial models CX and CnX , for QX and � n 
 nX re-
spectively.

References

[C-L-M] Frederick R. Cohen,Thomas J. Lada, and J. Peter May, \The Ho-
mology of Iterated Loop Spaces"SpringerVerlag LNM 533 (1976).

[C-P-S] H. Campbell, F. Peterson,and P. Selick, Self-Mapsof Loop Spaces,
I , Trans. Amer. Math. Soc. 293 (1986), 1-39.

[F] Mark Foskey, Higher projective planesand the cohomology of n-fold
loop spaces, Thesis,University of California, SanDiego (1994).



18

[F-S] Mark Foskey and Michael Slack, On the odd primary cohomology of
higher projective planes, Paci�c J. Math. 173 (1996), 77{92.

[K-S-W] Nicholas J. Kuhn, Michael Slack, and Frank Williams Hopf con-
structions and higherprojective planesfor iterated loop spaces, Trans.
Amer. Math. Soc. 347 (1995), 1201{1238.

[M-M] John W. Milnor and John C. Moore, On the Structure of Hopf Alge-
bras, Ann. Math. 81 (1965), 211{264.

[MS2] M. Slack, In�nite loop spaces with trivial Dyer Lashof operations,
Math. Proc. Camb. Phil. Soc. 113 (1993), 311{328.

[MS3] M. Slack, In�nite loop spaceswith odd torsion free homology, preprint.

[RJW] Robert J. Wellington, The unstableAdamsspectral sequence for free
iterated loop spaces, Mem. Amer. Math. Soc. 258 (1982).


