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Abstract

For eadh admissible monomial of Dyer-Lashof operations Q,, we
de ne a corresponding natural function ®,:TH (X)! H ( " "X),
called a Dyer-Lashof splitting. For ewvery homogeneousclass x in
H (X), a Dyer-Lashof spliting ®, determines a canonical elemert
yinH (" "X) sothat y is connectedto x by the dual homomor-
phism to the operation Q;. The sum of the imagesof all the admissible
Dyer-Lashof splittings contains a complete set of algebra generators
forH (" "X).

1 Intro duction

Let X be a connectedspaceandlet " "X be denoted X,. In this paper
we provide a way to name speci ¢ cohomologyclassesn H (X,). We do
this by de ning functions ®, from the tensor algebraTH (X) to H (X,),
wherethe subscript| denotesan admissiblesequencen a sensesuitable for
usewith Dyer-Lashofoperations. Naively, ®,x may be regardedas \the"
dual to Q,x, wherex 2 H (X) isdualto x 2 H (X). That is, we have the
relation
hd, x; Q; xi = hx; xi:

(Here and elsewherewe idertify H (X)) with a submadule of H (X,,) via the
monomorphisminduced by the standardmap : X ! X,.)
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The main theoremis asfollows; someparticulars of the notation will be
explainedbelow.

ral function ®,: TH (X)! H (X,), whichsatis es the following properties:
(1) If ry > 0then ®, is a Z=p-module homomorphism.
(2) We havethe duality relation

N Ixgin[s" Xy o1S" xm]iiii

= ;" x; s" Xm;: [s
() LetQ(X) H (Xn)= P im ®,, wheee the sum (not a direct sum) s
takenover all admissiblel . Then the projection takesQ(X) onto H (X,).

In (2), [ ; ] denotesthe (graded) commutator in TH ( " 1X), s" !
is the isomorphismthat increaseslegreesy (n 1), and ,; is the Kroneder
delta on the sequence$ and J. We allow | (or J) to be the empty sequence
(denoted; ), in which caseQ, is takento be the identity.

The functions ®, canbe thought of assplittings of dualsto Dyer-Lashof
operations, and | will refer to them as Dyer-Lashof splittings. They gener-
alizethe \dual extendedDyer-Lashofoperations” de ned in [K-S-W] and in
[F-S]. Theselatter operationswerenot shavn to be natural transformations,
and they did not generatethe ertire cohomologyof X,. They were, how-
ewer, sucient to allow Slak in [MS2] to shav that an in nite loop space
with trivial Dyer-Lashofaction must be (p-locally) homotopy equivalent to
a product of Eilenberg-Mac Lane spaces,and in [MS3] to provide a similar
classi cation of spaceswith p-torsion free homologyfor p odd.

The Dyer-Lashofsplittings are a cortinuation of work donein my thesis
[F]. 1 would like to thank my advisor, Jim Lin, for his patience, advice,
and teadiing as | preparedthe thesis that led to this work. I'd also like
to thank Michael Slak, Fred Cohen, David Kraines, and Jim Stashe for
helpful corversationsand corresppndenceduring that sameperiod, via email
and otherwise.

All spacesin this paper will be connected,of the homotopy type of a
CW-complex with nitely many cellsin ead dimension, and possessinga
nondegeneratebasemint; and X will always denote an arbitrary spacein
this category All coe cien ts for homology and cohomologywill be in Z=p



for p an odd prime, exceptin the nal sectionwherewe will briey discuss
the casep = 2. The notation X represets the reducedsuspension, and

X is the Moore loopson X . Finally, we will generally be working with
functors from the category of spaces(as descrited above) to the category
of Z=pmodules. If we remark that a homomorphismis natural, we will
meanthat it is a natural transformation betweentwo sud functors. These
transformations will not always be homomorphismsof graded modules, but
they will presene the property of being of nite type.

2 Homology operations

In this paper we will usethe \lower notation" of [C-P-S] for Dyer-Lashof
operations. That is, if x 2 Hq( "X), i+ qiseven,and0 i<n 1,we
de ne

Qi 1-Ha( "X) ! Hpgrip n( "X)

to be Q*9=2x, and we de ne Qi 1) 1 to be Qip 1.

We use Q, 1)p 1) to represen the \top" operation, denoted , ; in
[C-L-M], which is special becauseit is not a homomorphism. Also, we use
Qum 1 1) 1 to represem the operation denoted , ; in [C-L-M]. This oper-
ation is not equalto Q. 1)p 1), but rather diers from it by a correction
term involving Browder operations. Howeer, in most respectsit resenbles
the other operations of the form Q;, 1y 1; in particular, it is a homomor-
phism.

Now let | represen the sequence

(ix(p 1) "giinis(e 1) ")
where"; is O or 1, and let Q, represen the operation

Qup v Qisp v vt

The termsiy(p 1) ";andig(p 1) "5 will be called the leading and
trailing terms of |, respectively, and we say that | is admissibleif

(1)0 ij ij+1 "j+p foreahj 1,and

(2) "j+1 ij+1 ij mod 2.

This is equivalert to the standard de nition in [C-L-M] for admissible
sequencef upper notation, with the secondcondition addedto ensurethat



Q) is de ned. We note that our notation is slightly di erent from that given
in [C-P-S].

We concludethis sectionwith two theoremsthat renderinto lower no-
tation somestandard useful facts about Dyer-Lashofoperations. Proofs, in
upper notation, may be found in [C-L-M].

Theorem 2.1 (Suspension relations) Foranyx;y2 H ( "X),

(Qip X)) = Qi e nl %)

and
n 1Y) = a2 X5 Y);
where  denotesthe susgnsionhomomorphismH ( W)! H ,,(W). 2

Theorem 2.2 (External Cartan formula) If x y2 H ( "X "Y),
then

X
Qip (X y)= Qrp nX  Qsp 1Y

r+s=i

where we ignore all terms for whichr + jxj or s+ jyj is odd. 2

The internal Cartan formula has essetially the sameform, provided that
i<n 1 Forthei=n 1case;see[C-L-M].

3 The homology of loop-susp ension spaces

We will rely on Cohen'sstructure theoremfor H (X,) [C-L-M, I11]. In this
sectionwe restate that theoremin the notation of this paper.

Let TM denotethe tensor algebraon a graded module M, and de ne
the free Lie algebraLM to be the sub Lie algebraof TM generatedby M.
That is, we caninductively de ne a generatingset A for LM by saying that
M A, and the comnutator [a;b] 2 A whenewer a and b are both in A.

Now if S is somearbitrary subsetof (TM )ewen, let usde ne S to be
the submalule of TM generatedby the setf aj a 2 Sg, where s the
pth power map a= a P. We may then de ne the free gradedrestricted Lie
algebraLrM to be the submadule

LM + LM awen+ 2LM gpen + TM:



It isanin nite sumrather than anin nite direct sumbecausehe pth power
map is not a homomorphismon a non-comnutative ring. One may showv
that LgM, de ned this way, is still closedunder the Lie bradket operation.

The notion of LM is usefulbecauseH (X,) conains a degree-shifted
copy of LgH (™ X)), which we will call S. To seethis, let denotethe
composition

HXJ)=H(" "X) ( )nll H( "X)=TH( " X);

andlet SPit:LgH ( " IX)! H ( " "X) bedeterminedby the following
formal procedure:replaceevery [; [ by , 1(; ), every by Qu 1)p 1), and
ewerys” Ix2H (" IX)by (x)2H (X,). For example,

P2 xq;8" X2) = Qn np Qum e v n 2 (X1); (X2)):

It follows from Cohen'scalculationsthat SP"* is a well-de ned homomor-
phism, and the suspensionrelations, coupled with the fact that Qg is the
pth power and  is the graded comnutator, shav that Pt = id. De ne
S H (X,) to bethe imageof SP'. We seethat S is an isomorphiccopy
of LgkH ( " 1X), exceptthat degreeshave beenloweredby n 1.

If 1 is an admissiblesequencevith trailing termi(p 1), let d(l) denote
the set of nonnegatiwe integerscongruen to i mod 2. Then we may speak,
for instance,of Q, acting on Syy. If | is the empty sequencethen let Sy
be the set of all nlpnnegati\e integers. Using this notation, de ne M (X,),
forn > 1,to be  Q,; Sy, with the direct sum taken over all admissible
sequencesg with leading term nonzeroand trailing term not greater than
(n 1(p 1) 1. Sequencesneetingthis criterion (including the empty
sequencewill be referredto assimple.

We now state, in the notation of this section,Cohen'sstructure theorem:

Theorem 3.1 Letn > 1. For any admissiblesequene@ | with trailing term
lessthan (n 1)(p 1), the restriction of Q; to Syy is @ monomorphism.
As a Hopf algebr, H (X,) is isomorphic to the free commutative algeba
geneated by M (X)) = M (X,)\ H (Xp). 2

In the de nition of M (X,), the leadingterm must be nonzerobecause
Qo is the pth power on homology and so Q, x is not a generatorif I has
leading term zero. On the other hand, the trailing term must be no more



than (n  1)(p 1) 1becauseQ 1)p 1)X is already accouried for asthe
class Pt s" 1x, and Q; isundenedonH (X,) forr>(n 1)(p 1).

In the casethat n = 1 we may dene M (X,,) as H (X), so that
M (X,) will still be naturally isomorphicto QH (X,).

4 Dening the Dy er-Lashof splittings

In de ning ®,, we will considerthree casef increasinggenerality: | simple,
| with trailing term (n 1)(p 1) (but leadingterm nonzero),and | with
leadingterm zero. In all but the last case,n will be assumedgreaterthan 1.

Case 1: | Simple. In this case,®, will be the dual of a homomorphism
H (X,) ! TH (X), relying on the fact that, asa module, (TH (X)) is
naturally isomorphicto TH (X). Recall from Theorem3.1that M (X,) is
de ned to be the direct sum

Qi S y;

| simple

with ead Q; a monomorphism. Thus, for ead simple | there is a splitting
PI-M (Xn) ! Sgu) and we can construct the following composition:
split

H (Xn) " QH (X)) =M (Xy) P Sy 1

4.2) Ts
I LgH ( " IX) ) TH ( " 1X) I TH (X);

We de ne ®, to be the dual homomorphismto this composition. Note that

Ts! ", the result of applying the tensor algebrafunctor to the isomorphism

st mH (" IX)! H .. (X),isaring isomorphism,but not a morphism

of graded objects.

Case 2: Trailing term (n 1)(p 1). Foranyk, letl(k;t) equalk iterated
ttimes. Letk=(n 1)(p 1), letJ bea simplesequenceand assumethat
the concatenationJ| (k;t) is admissible. Our goalis to de ne QJ.(k;t). The
di cult y in this caseis that, aswe noted earlier, the top homologyoperation



Qum 1 1 is not a homomorphismand thus has no obvious splitting. We
work around this problem by observingthat the composition

(LRH ( " 1X))even ! LRH ( " 1)()!! LRH ( " 1X)=LH ( " 1X)

is a homomorphismsince the deviation from linearity of is cortained in
LH ("™ X) (see,for instance,[C-L-M, II1]). It follows from the Poincare-
Birkho -Witt theorem (see[M-M]) that

i:(LH (" 1X))even I LgH (" 1X):|—H (" 1X)
is a monomorphismfor all i 1, and so

LaH (" 5X)=LH (" ) = HLH (" X)) ewen

Thus for ead i we have
()P LgH (" IX)=LH (" X) T (LH (" X))even

which amourts to projection on the ith summandon the above direct sum
splitting. GivenJ and| (k;t), wede ne QJ,(k;t) to bethe dual of the following
composition of homomorphisms:
jplit
HXy)! M (X,) ' Sy I LgH ( " 1X)
( t)split
M LgH (" IX)=LH ( " 1X) Fo(LH (™ X)) even
1 n

L TH (" IX) 1 TH (X):

The readershould note that im ®;, 4, im®,. Thus, the de nition of &,

in the caseof trailing term (n 1)(p 1) is not necessaryto de ne the set
Q(X) of Theorem1.1. Howewer, asa way of labelling individual generators,
this caseis useful. In particular, the applicationsthat have appeared([F-S],
[MS2], [MS3]) have useda variant of Qi 1), 1)-

Case 3: Leading term zero. Thedicult y with de ning ®, in this case
liesin the fact that Qg is the pth power on homology Thus, for instance, Box



for x primitiv e should be a divided power ,x, characterizedby the property
that
X 1
pX = —x X
oo !
I+]=p
i;j >0
In generalthis property doesnot uniquely determine ,x, sincethe addition
of a primitiv e doesnot changethe reducedcoproduct. Howeer, in the special
caseof H (X,), we can make the following inductive de nition:
Let x be an elemen of PH®®"(X,). If k < 2, then let ,x = x*. If
k 2then let K% be an elemen y determinedby the conditions
1) y= iX X,
i+j=k
i;j>0

(2) hy;ai=0foranya2 M (X,).
Prop osition 4.2 The classy, as de ned alove, existsand is unique.

Proof : For both existenceand uniquenesghe proofis by induction, assuming
that ;x is already known to be well-de ned for j < k. We note that there

is nodicult y whenk = 0. We rst prove existence. Let the subspace
of HX(X,) spannedby x be denotedhxi, and write H>(X,) ashxi C,

where C is somecomplemetary subspace.This splitting determinesa dual

splitting Hjs(Xn) = xi  C . By Theorem3.1, it follows that

Hyjxj(Xn) = i D My (Xn);

with D spannedby nortrivial products of the form Qi w;i, whereeadh w; is
either in Hq(X,,) for q6 jxj, orin C , orin hxi, and at leastonefactor w; is
not in Ixi. Theny is determinedby

hy;xki = 1;
W;D Mijj(Xn)i = O

By construction, hy;ai = 0 fora2 M (X,), and a simple calculation shavs
that y hasthe appropriate copraduct.

To prove uniquenesssupposey; andy, satisfy the de nition ofy. Then,
sincey; and y, have the samecoproduct, y; Yy, must be primitive. Choose
y 2 H (X,) sud that hy; y,;yi 6 0. Then, sincey; Y, is primitiv e, the



class[y] 2 QH (X,) must be nonzero. Hencewe canwrite y = y°+ d where
y°2 M (X,) and d is decommsable. But, sincey, and y, were assumedto
satisfy the de nition of y, they must annihilate elemens of M (X,). Hence
hy.;y9 = hy,;¥9 = 0. And, becausey; Y, is primitive, hy; y,;di = 0.
Hencehy, v,;yi = 0, a cortradiction. 2

Now let J be a sequencewith leading term nonzerosud that the con-
catenation | (0;t)J is admissible. For compactnesf notation, let x denote
an elemen of TH (X). If n > 1 then we de ne ®,.);x to be (®;x),
bearingin mind that the de nition of ®;x ensuresthat it is primitiv e.

If n = 1, then the sequence] can only be the empty sequenceand Q.
may be taken to denotethe isomorphismof coalgebrasTH (X)! H (Xy).
In this caseS is not cortained in PH (X3), and so Q,(o;t) is not de ned on

all of S asit isin the casen > 1. We can recognize@,(o;t)x asx P,

5 Prop erties of the Dy er-Lashof splittings

The following theorem restates all but part (3) of the properties given in
Theorem1.1:

Theorem 5.1 For each admissiblel ,

" Ixm 1S" Xmliidi

= yh" Ixy S" Ixm; [S" x1;:ins[s
If I hasleadingterm nonzen, then (9| is a natural transformation of functors
TH ()toH ( "™ "). Otherwise,®, is a natural transformation of functors
STH ()to SH ( " "), whee S is the forgetful functor from the category
of Z=p-modulesto the category of sets.

Proof: The duality relation follows directly from the de nition. If I has
leadingterm nonzero,then ®, is the dual of a composition of natural trans-
formations, and hencenatural. For the caseof | with leadingterm zero,we
will in fact show that the following diagram comnutes for any k and any
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mapf:X ! Y:
( n I’\f)
PHeEY(Y,) | PHOSY(X,)
? ?
kY kY
( n I"If)
H (Yn) ! H (Xn)

The proof will be by induction. In the casek = 0, commutativit y is clear. For
k > 0, we will showv that ( " "f) Yy satis es the two de ning properties

of (" "f)y.

(1) By the naturality of the reducedcoproduct and of ; forj < k,

X
( " M) k= (" ")yy 0" ")y

i+j=k
i;j >0

(2) Forany a2 M (X,)

h( " "f) «y;ai=hyy, (" "f)ai=0

becausepy the naturality of the Dyer-Lashofoperations with respect to n-
fold loopmaps,( " "f) amustbeanelemen of M (Y,). Thus  isnatural
for all k, and hence@ is natural. 2

Although ®, is not a homomorphismif | has leadingterm zero, it be-
havesreasonablywell with respect to the module structure of H (X,). It is
easiestto state the resultsin terms of :

Prop osition 5.2 For any integerk 0, and any Xi;X, 2 PH®"(X}),

X
k(X1 + X2) = (iX2)( jX2)
i+j=k
X
=k Xit kXpt (iX2)( jX2);
i+j=k

i;j 60
and, for any c2 Z=p, kCX= C kX.

Proof: We prove the addition formula by induction. The result is trivial
whenk = 0. Using the inductive hypothesis,a direct calculation shawvs that
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both sidesof the equation have the samereducedcoproduct. It remainsto
shaw that X
h™ (ix)( jX2);ai = 0

i+j=k

forany a2 M (X,). But it follows from the Cartan formula (Theorem 2.2)
that the coproduct map takesM (X,) to M (X,) M (X,). Thus

h( ix1)( jX2);a = hixy jX2; a =0

since( ;x;1) annihilates elemens of M (X,).
The fact that ycx = ¢ x follows easily by a similar method. 2

Corollary 5.3 If denotesthe projection H (X,)! QH (X,), then
K PHE® (X)) T QH®®(X,)
is @ homomorphism,nontrivial whenk = p. 2
We now prove part (3) of Theorem1.1.
Theorem 5.4 The projection mapsQ(X) surjectively onto QH (Xp).

Proof: The theoremis true (but not helpful) whenn = 1 becauseQ(X) =
H ( X). For the rest of the proof, let n be greater than 1, making
H (X,) comnutative as well as assaiative. Assume there exists a class
[a] 2 QH (X},) sud that [a] 62 (Q(X)). We canthen choosea2 PH (X,)
sud that Hal;ai = 1 but hx;ai = 0for any x 2 Q(X). Sincea is primitiv e,
it must be either indecomposableor a pth power.

If ais indecomposable,it can be written as

X .
Qli splltb +d

i
for I; simpleand distinct from oneanother,ih 2 LgxH ( " 'X), andd decom-
posable.Chooseb2 TH (X) sud that hb;Ts' "bi 6 0. By the construction
of the Dyer-Lashofsplittings, it follows that I*(9|1b;Q|lb1i 6 0 and that, for
i 61,

h®,b;Q, hi = hd,b;Q, di = 0:

Henceh®, b;ai 6 0 eventhough ® b2 Q(X), a cortradiction.
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If aisapth power, it must bea pth power of a primitiv e. By induction, a
must be of the form (a9”" for somet, wherea® is indecompmsable. Choosing
B with regard to a° just as b was chosenwith regard to a, we know that
h®,, b’ a% 6 0 for someappropriate sequencd ;. Then, sincea= (a9",

h,®, a6 o0
Again, this is a cortradiction because pt®|ltP: Qi :t)1: 2 Q(X). 2

Unfortunately, the restriction of to Q(X) is not injective. Howe\er, it
is not hard to seethat any class® w 2 Q(X) is either indecompsableor a
pth power. Thusthe next theorem,which tells how the pth power map relates
to the Dyer-Lashof splittings, makesit possibleto determine in individual
caseswhether an elemen of Q(X) determinesa generator.

Let the pth power map on cohomologybe denoted , to distinguish it
from the restriction on homology Extend on H (X) to TH (X) by

andpis n 1lthenlet pl = (pis(p 1);:::;pis(p 1)) and, corversely
de ne I =pto beJ if I canbe written aspJ. We adopt the corvertion that
Qui» Qi=p, ®pi, and ®,_, are all the zero homomorphismif their respective
indexing sequencesre unde ned. For instance, Qm = 0if Q, cortains a
nontrivial Bockstein or pis > n 1.

Theorem 5.5 Forw2 TH (X), Qw= 8, w.

Proof: We will usethe following formulas for the action of on H (X,),
due to Wellington [RIJW].

Qx = Ql=p X
(5-6) n 1(Xy;x2) = O

Since is a morphism of Hopf algebras theseformulas determinethe action
of onall of H (X,).

If 1 is simple, then ®, is the dual homomorphismto the composition
(4.1), which we may rewrite as

Ispllt A

H (Xy) M (Xy) ' San) ' TH (X):
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Using this information, we will shav that h QW; a = I"(Qm w;ai for any
a2 H (X,). SinceH (X,) has nite type, this will completethe proof.
By the de nition of ®,,

h ®w;a = hw;"\Q"™  ai;
and
MOy wial = hw; ~QP" ai;
sothe proof turns on demonstrating that
,\leplit a= ,\Q;?Iit a:
First ofall, comnuteswith because is coalgebrahomomorphism.

To seethat Q*" = Q" we chooseb2 M (X,), and write

X
b= Qplb0+ . QJih

for somelP 2 Supry and b 2 Syy;y, and for somecollection of sequence$J;g
sud that Ji=p6 |. If Q is the zero homomorphismthen choosel® = 0.
With this cornvertion, the de nition of M (X,) shawvs that & is uniquely
determinedby b. Obsene that, by (5.6), Qub’= Q; . Then
|
. . X '
ISI0I|t b = ISpllt Qpl b0+ | QJib

. X '
P QP+ Quep b
i

and also
|

. . X '
Qb = Q" Quif+  Quh
= 1

Thus Q"™ b= QF"b2 S forany b2 M (X,).
We now shov that » c¢c= ~c,forany c2 S. Any elemen of S can
be written as

X X
c= cCc+ n 1(G:Q-°)+ Qnn 1np 1)00?
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wherec®2 H (X) and g; ¢, ¢°2 S . By (5.6),
n 16 = Qum 1 1)(3,-00: 0;

for any i andj. On the other hand, * takes » 1(G; ) and Qm 1p 1G°to

1 H (X) ", which is annihilated by . Thus, we needonly shav that
Ao P= A~ @It is not hard to seethat » = ¢ Thus, since s
induced by a map of spaces,

Therefore® c¢c= Ts! " ¢, aswe wanted.

This provesthat ®, = @, provided that | is simple. If | hastrailing
term (n  1)(p 1), then a similar argumen shovsthat ® = ®, = 0.
Finally, if I hasleadingterm O, then the result follows easily using the facts
that is a morphism of Hopf algebrasand that it presenesM (X). 2

We usesimilar techniquesto prove our concludingtheorem,which relates
the suspensionhomomorphism :H (" "™iX) 1 H 1( "1 11X to
the Dyer-Lashof splittings. We will allow s to represen both the isomor-
phismsH (X)! H . ( X)andH (X)! H **( X). Under this corven-
tion, the dual homomorphismto sis s 1.

Theorem 5.7 If | = (iy(p 1) "y3;::5is(p 1) "), then

whee 9= ((i.+ 1)(p 1) "yiin@s+ D 1) ).

Proof: Just aswith Theorem5.5,in the caseof | simple the proof amourts
to shaving that ' '

Ts QP a= 2" &
forany a2 H (Xp+1). By (4.1), ~ = Tst " |, wich, by abuseof notation,
we may write asTs? "( )" 1. Making the appropriate substitutions, we see
that we must shov

(TS 1)T81 n( )n lleplit a=Ts n( )nQISint a:
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Notice that on the right hand side of the equation we are working with

n+l n+lX ', sowe must replacen by n+ 1 in the composition of functions
we useto de ne ®, o. From this point, the only nontrivial part of the proof
is shawing that Q" = Q" which one can do in exactly the way we
shaved earlier that Q™" = Q".

In the casethat | hastrailing term (n  1)(p 1), the argumert is very
much the sameand will be omitted. The leading-term-zerocase,howe\er,
is more complicated. If | = 1(0;t)J, then 1°= I ((p 1);t)J° and we are
trying to show that

pt@JTSW: QI((p 1);t)JOW:
Working as before,
h O;Tsw;ai = h®;Tsw; ai:

Since annihilates decommsables,we can assumethat a2 M (Xp+1). By
the de nitions of M ( ) and of admissiblesequencesye can write

X
a=Qp 28+  Qi(p nia:
i=0

wherea®%a 2 M (X,.1) are chosensothat Q, ,a’and Q,(p 1:)& are also
in M (Xn+1). Thusby Theorem2.1,

X X |
a= Qi a= ( &)P;
=0 i=0

noting that Q, ,a°= ( a)?= 0.
We will deferthe proof of the following lemmato the end of this section:

Lemma 5.8 If z2 PH (" "™X),andb 2 M ( ™ " IX) for all i, then
X
hpz, Bi=hehi:

By the lemma, since®; Tsw is primitive andeady @ isin M ( " "1X),
we have
h,®;Tsw;, ai =h;Tsw;, ai:
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Using the theoremin the caseof J simple, we know that

h; Tsw;  ai = hyow; ad

and so,to summarize,
h ®Tsw;ai=h,0;Tsw; ai =h;Tsw; ai=hdw;ai:

To completethe proof we will shav that h®,ow; ai is alsoequalto h®;ow; ai .
By de nition, hdow;ai = hw;*Q™" ai. Becausewe are already assuming
that a2 M ( "1 "*1X), we candisregardthe homomorphism , and, since
1°=1(p 1;1)J°
|
. XK '
Q™ Qo 28%+  Qip nid
i=0

I.
QB Qip nva:

split

Qjo &:

split
o a

Thus ' _
hw; AQRE™ ai = hw; AQR" ad = hBjow; ai
and so, nally,

hdow;ai = hDyow;ai = h & Tsw;ai:

Proof of Lemmab5.8: We calculate:
hpzfi = hyz, (1) ( 1 1)h hi
= N 1 1) ( 1) nzh bi:
Herewelet denotethe Pontry agin product restricted to reducedhomology

sothat its dual homomorphismis the reducedcoproduct. Usingour de nition
of , onecan computethat

t t gr(pfiz) PR Pi=0 (i<t)
1P (1 pzhfi=_ RMRPi=mhi (=Y
" g Pi=0 (i > 1)

The result follows. 2
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6 Variants

There are a number of other circumstancesunder which analogousresults
apply. In this sectionwe brie y sketch the relevant di erences.

First we considerthe prime 2. When p = 2, the Dyer-Lashofoperations
in lower notation take the form

QitHg( "X) I Hagei(C "X);

0 i ij+ forallj,andsimpleifi; > Oandis < 1. Cohen'sstructure
theoremdi ers only in that M (X,) isdened to be Q;S , wherethe sum
rangesover all simple admissiblel . We neednot useSy( ), sinceQ, can act
on elemelts in any degree.With thesechangesin the setup, the de nitions
of the ®,, and the proofsof their properties, go exactly asin the odd primary
case.
At both odd primesand the prime 2, it is easyto seethat the de nition

of ® can be carried over to the in nite loop spaceQX = lim " "X. The

structure theorem for H (QX) again takes the sameflg)rm as the theorem
forH (" "X), exceptthat M (QX) isdened to be  Q; Hgq)(X) (or,
ifp=2, Q H (X)), wherel rangesover all admissiblesequencesvith
leading term nonzero. Sincethere are no nortrivial Browder operations in
H (QX), the subspaceS doesnot appear, and the Dyer-Lashof splittings
®, arede ned on H (X) rather than on TH (X).

Finally, we note that all of our results apply without changeto the
Milgram-May combinatorial modelsCX and C, X, for QX and " "X re-
spectively.
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